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We present a model for electron transport across the magnetic field of a Hall thruster and integrate
this model into 2-D hybrid particle-in-cell simulations. The model is based on a simple scaling of the
turbulent electron energy dissipation rate and the assumption that this dissipation results in Ohmic
heating. Implementing the model into 2-D hybrid simulations is straightforward and leverages the
existing framework for solving the electron fluid equations. The model recovers the axial variation in
the mobility seen in experiments, predicting the generation of a transport barrier which anchors the
region of plasma acceleration. The predicted xenon neutral and ion velocities are found to be in good
C 2015 AIP Publishing LLC.
agreement with laser-induced fluorescence measurements. V
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Hall thruster simulations have long sought to reproduce
characteristics of real devices to further our understanding of
the physics governing cross-field electron transport, transient
plasma fluctuations, and overall performance. Twodimensional (2-D) hybrid particle-in-cell (PIC) simulations1–4
strike a balance between computational effort and resolving
realistic particle dynamics by treating electrons as a fluid and
the heavy species (ions and neutrals) as discrete particles. In
typical 2-D hybrid simulations, the domain comprises the
radial-axial plane that cuts across the annular channel and
plume of a Hall thruster. Since this geometry does not resolve
azimuthal fluctuations that are believed to drive cross-field
transport of electrons, the electron mobility along the direction of the applied electric field must be modeled.
Early applications of hybrid simulations assumed Bohm
transport, but the predicted results were in poor agreement
with experiments. It was uncertain if the failure to capture
the discharge behavior was a consequence of the transport
model, or of the hybrid scheme employed. When an experimentally measured mobility5 was incorporated into the simulation, with a strong transport barrier near the channel exit
(and near Bohm levels elsewhere), the computed discharge
properties—including the axial variation in plasma density,
temperature, potential, and ion velocity—agreed reasonably
well with experiments.6 This success increased confidence in
such hybrid simulations, and several mobility models have
since been proposed,7–10 some of which impose the transport
barrier in an ad hoc way, and all of which use several adjustable parameters to match the predicted plasma behavior with
experimental measurements. Hofer et al. presented a review
of the various transport models used in Hall thruster
simulations.11
There remain opportunities to improve the usefulness of
simulations if a relatively simple and fundamental description of the electron mobility can be found that is applicable
a)
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to several thruster geometries and/or propellant types.
Recently, we proposed an isentropic model12 that used an entropy conservation equation to close the set of electron fluid
equations, removing the need for a prescribed mobility. This
model was extended with a source term for entropy production,13,14 but it also required ad hoc parameterization.
The work described here continues our effort to derive a
simple model for the electron mobility that captures relevant
physics and is easily integrated into 2-D hybrid simulations.
As described below, the model is constructed around the turbulent nature of a Hall thruster plasma in the channel and
near-field plume. Early literature described the presence of a
plethora of fluctuations spanning a wide spectrum of frequencies.15 Probe studies of plasma density fluctuations
inside a thruster discharge channel16 revealed a fluctuation
power spectrum typical of a turbulent flow: An energy injection regime at large scales comparable to the size of the discharge channel, and the beginnings of an inertial regime at
wavelengths comparable to the electron gyroradius with a
power law characteristic of developed turbulence. The intensity of this turbulence seems to be correlated with the measured cross-field mobility.5 Experiments have also reported
fluctuations at very high frequencies,17,18 some with wavelengths smaller than the gyroradius,18 particularly outside
the thruster channel. Correlated fluctuations between plasma
density and potential can give rise to cross-field current
exceeding that predicted classically. Near the exit plane,
where electrons drift azimuthally and ions drift axially, the
system can support streaming instabilities,19 resistive instabilities,20,21 and Rayleigh-Taylor type instabilities.22 Further
upstream into the channel and downstream into the plume,
there are strong gradients in plasma density and magnetic
field; these gradients can render drift waves unstable.23,24
Such gradient-driven instabilities were first predicted to be
relevant to Hall thruster operation several decades ago.25
As mentioned above, most Hall thruster simulations that
span the channel (and beyond to the cathode plane) do not
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resolve either the length scales or the spatial dimensions
(e.g., the azimuthal direction) necessary to adequately
describe the fluctuations that may be important drivers of
electron transport. As a recourse, one must resort to a transport model. Constructing transport models around the presence of turbulent fluctuations is a challenging task, but, as in
the development of such models for neutral fluid turbulence,
a zero-equation model can be a useful first approach.26 A
zero-equation model attempts to describe the turbulent viscosity and energy dissipation rate with dimensionally
inspired algebraic equations, without resorting to solutions
of differential equations for the turbulent kinetic energy and
its rate of dissipation.
The zero-equation model proposed here begins with the
usual scaling27 for the turbulent energy dissipation rate (per
unit mass), , expressed in terms of the turbulent viscosity,
turb ,
 2
u
:
 ¼ turb
‘

(1)

Here, ‘ is the characteristic length scale and u is the velocity
variation of the turbulent eddies (relative to the mean flow).
The term in parentheses represents the spatial variation of
the turbulent velocity field and is indicative of the eddy turnover rate. The turbulence is expected to be electrostatic with
fluctuations in plasma density and mean velocities accompanied by variations in plasma potential. In discharge plasmas,
these fluctuations can be strongly correlated and give rise to
excursions in particle fluxes that contribute to (anomalous)
current beyond that expected from classical scattering mechanisms. The electrostatic energy associated with these fluctuations may constitute a significant fraction of the system
total. We imagine that energy is injected into turbulent fluctuations at large scales and cascades via wave-wave interactions to small scales at a rate characterized by . Beyond
some characteristic scales, electrons that are migrating
towards the anode scatter from these fluctuations (particlewave interactions), converting this electrostatic turbulent
energy into thermal energy. This dissipative mechanism is
analogous to electron Joule heating that arises through classical electron scattering. In our modeling, we treat this process
as the dominant mechanism for electron thermalization.
Proceeding with a model for the dissipation rate 
requires expressions for turb and the eddy turnover rate, u=‘.
The scaling of turb follows the early work of Prandtl,28
which is based on an analogy with kinetic theory. We
assume that the characteristic size of the eddies near the
boundary between the inertial and dissipative scales of the
developed turbulence is the local electron gyroradius, qe ,
which is about 0.1 mm–1 mm in the channel of a Hall
thruster close to the exit plane (typically, the peak magnetic
field B  100 G and electron temperature Te  20 eV). Hall
discharges are expected to have electrostatic activity in this
wavenumber range as evidenced from the scale of the fluctuations in 2-D current distributions seen in the PIC simulations of Adam et al.29 We also assume that the velocity scale
for the transport of these eddies is the mean electron speed,
ce . We then express the turbulent viscosity as turb ¼ Kqe ce .

Here, K is a constant that will be derived from experiments.
Ideally, the constant K will be transportable to similar Hall
discharges, perhaps of differing geometries and operating on
different propellants. This constant is the only parameter that
must be specified, and we expect it to be of order unity. The
relation turb ¼ Kqe ce can also be derived by dimensional
reasoning if we assume that the magnetic field and electron
temperature are the most relevant parameters that characterize this viscosity.
Rather than attempting to scale the eddy turnover rate,
we assume that electrons are scattered from the fluctuations
at a rate equal to u=‘. This effective electron scattering rate,
eff , is related to the electron cyclotron frequency,
xce ¼ ce =qe , and the effective cross-field mobility, leff , in
the limit of weak collisionality (turb =xce  1)
leff ¼

eff
:
xce B

(2)

Equations (1) and (2) are combined, with eff ¼ u=‘, to form
a new expression for the volumetric turbulent energy dissipation rate, n,
n ¼ ne me ¼ Kne me c2e xce B2 l2eff ;

(3)

where ne and me are the electron number density and electron mass, respectively. The volumetric dissipation is equa~  jJe? E? j), yielding
ted to the Joule heating term (jJ~e  Ej
the following expression for the effective electron mobility:
leff ¼

jJe? E? j
Kne ec2e B3

!1=2
:

(4)

~ is the electric field, and
Here, e is the fundamental charge, E
~
J e is the electron current density, with the subscript “? ” referring to the direction perpendicular to the magnetic field.
The cross-field electron current density is Je? ¼ eleff ne E? ,
with the effective electric field
E? ¼ E? þ

kTe
k
r? ne þ r? Te ;
ene
e

(5)

where k is Boltzmann’s constant. The electron current den~ (along with the other necessary
sity, J~e , and electric field, E
plasma parameters), are computed directly in the 2-D hybrid
simulation, making implementation of this model relatively
straightforward.
It is instructive to show that this transport model, in the
limit of negligible pressure gradient contributions to the
effective electric field, reduces to that of a Bohm-like mobility weighted by the ratio of the square of the electron drift
(Vd ¼ E? =B), and thermal speed. In this limit, the Joule
~ ¼ eleff ne E2 , and the expression in Eq.
heating term J~e  E
(4) reduces to
leff ¼

1 Vd2
:
KB c2e

(6)

In practice, the transport barrier is seen to drop well below
that prescribed by Bohm scaling. Near the exit plane where
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FIG. 1. Time-averaged profiles of the
electron mobility (m2 V1 s1 ) calculated with the turbulent dissipation
model (a) over the full 2-D domain and
(b) along the channel centerline,
R ¼ 2.9 cm. The Bohm (1=16B) and
2
þ x2ce ) values
classical (een =me ½en
are shown for comparison in (b).

the magnetic field is strongest, this then requires that
Vd2 =c2e  1. In regions of the channel where the electron drift
energy is comparable to the thermal energy, the transport
approaches a Bohm limit, with leff ¼ 1=KB. We note, however,
that the historically accepted value for the effective Hall parameter in the Bohm limit has K  16. In the simulations described
below, we find that somewhat lower values for this constant
give better agreement with experimental measurements.
It is also interesting to compare this transport model to
the one based on entropy closure, as presented in Ref. 14. If
we assume that irreversibilities in the thruster are entirely
due to this turbulent energy dissipation, then the volumetric
rate of entropy consequently produced is simply s_ ¼ n=Te .
Substituting the expression in Eq. (3) for the volumetric
energy dissipation, we find that
s_ ¼

2
8K ne keff
p xce

(7)

which is equivalent to the entropy source term used by Cha
et al.14 if the scaling constant introduced in that paper, a, is

taken to be 8K=p. We note, however, that turbulent energy
dissipation may not be the only source of entropy production
in the Hall thruster channel, which may account for differences seen in the results of the two models as implemented in
the hybrid simulations.
The zero-equation turbulence model for cross-field mobility is introduced into a 2-D hybrid radial-axial Hall thruster
simulation that is described further elsewhere.2,6 The thruster
simulated30 is an SPT-type Hall thruster with similar magnetic
topology and geometry to commercial thrusters. It has a channel length of 2.3 cm, an outer diameter of 7.2 cm, and an inner
diameter of 4.2 cm. The imposed static magnetic field has a
peak radial component of 160 G near the channel exit.
Experimentally, we run the thruster at a discharge voltage of
240 V and a xenon mass flow rate of 2 mg/s. Under these conditions, the discharge current fluctuates as a result of the wellknown breathing oscillation at 23 kHz quasi-coherently with
a mean of about 1.7 A and an amplitude of about 2 A. When
running with the model given by Eq. (4), the 2-D hybrid simulation runs stably for many tens of breathing mode cycles. A
weighting constant of K ¼ 2.5 is used in the simulation to
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FIG. 2. Calculated time-averaged xenon axial (a) ion, and (b) neutral velocities along the channel centerline, R ¼ 2.9 cm. The symbols (䉬) indicate
data from time-averaged laser-induced fluorescence measurements of the
thruster plume.31

match the experimental time-averaged discharge current. The
dynamical calculation of the electron mobility is underrelaxed for improved stability with half of the instantaneously
computed mobility averaged with half of that computed in the
previous electron fluid time step.
The predicted discharge current also captures a relatively strong breathing mode oscillation of similar frequency
(16–18 kHz) but about a third of the amplitude. The simulated time-averaged effective electron mobility is shown in
Fig. 1(a) over the entire 2-D domain. Very low values of the
magnetic field lead to regions of high mobility near the
upstream channel walls. Near the anode, the total mobility is
clamped to that predicted classically when the classical Hall
parameter, xce =en , is less than unity. (en is the classical
electron-neutral collision frequency.) This condition is satisfied near the region of propellant injection. It is apparent that
the mobility drops significantly as one moves towards and
beyond the exit of the channel (Z ¼ 2.3 m). Figure 1(b) shows
the calculated effective electron mobility along the channel
centerline (R ¼ 2.9 cm). Also shown is the equivalent classical result and one using a Bohm model with K ¼ 16. The
simulations capture the presence of a transport barrier near
the exit region that falls steeply upstream of the exit plane.
Downstream into the plume, the transport barrier rises more
gradually before settling less than an order of magnitude
below that of Bohm.
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The computed time-averaged neutral and ion axial
velocities along the channel centerline are shown in Fig. 2.
The ion velocity increases rapidly near the exit of the channel (Z ¼ 2.3 cm) and beyond, indicating a largely external
acceleration process. Within 1 cm from the anode, ions
reverse direction and stream towards the anode—consistent
with an observed electric field reversal (not shown). Neutral
xenon accelerates monotonically in the axial direction. This
apparent acceleration is due to the preferred ionization of
slow neutrals, which spend a greater residence time within
the channel. The solid symbols in the figures represent experimental laser-induced fluorescence data obtained for this
thruster.31 The measured ion acceleration profile is captured
by the simulation, although the code places the accelerating
potential drop slightly further upstream than seen experimentally. The simulation also predicts a slightly higher terminal
neutral velocity downstream of the ionization zone.
The transport model performs remarkably well, although
small differences still exist in key plasma parameters such as
particle velocities. Thruster performance has not yet been
fully characterized experimentally; at the modeled conditions, simulations predict a thrust (anode) efficiency of
gT ¼ 45:6%, specific impulse of Isp ¼ 1369 s, and thrust of
T ¼ 26.8 mN. Comparison with measured thruster performance is planned for future studies. Time-dependent behavior
of the hybrid PIC simulation on the time scale of breathing
mode oscillations will also be studied and compared with
time-resolved laser-induced fluorescence measurements of
ion and neutral species.30 Transportability of the model will
be assessed by carrying out simulations of different thrusters
for which performance parameters are known, and further
comparisons with other transport models are also forthcoming. We anticipate that this dynamic mobility model will
soon enable hybrid simulations to produce close agreement
with emerging measurements of time-varying Hall thruster
properties, not just those obtained under time-averaged
conditions.
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