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ABSTRACT

We present an approach to identifying topological edge states in two dimensional (2D) problems. Such scattering-immune surface waves are
typically identified using the Berry concept, which evaluates Chern numbers of bulk transmission bands. Instead, here, we approach the
task from an analytical electromagnetic scattering perspective, which enables the study of a wide class of configurations in which waves are
confined to propagate at the interface between a topologically non-trivial magnetized plasma and a topologically trivial medium such as air.
Although it is of theoretical significance to classify interfacial states by their topological invariants, we believe that this approach enables the
engagement of a broader range of researchers, particularly experimentalists who seek to design devices that exploit the ensuing non-recipro-
cal and scattering-immune properties.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0124165

I. INTRODUCTION

The propagation of electromagnetic waves in linear time-
invariant (LTI) systems1 is constrained by the Lorentz reciprocity.2

The constitutive parameters of materials comprising such a
system can be expressed as a symmetric tensor,3 i.e., the positions
of an electromagnetic source (such as a transmitting antenna)
and a receiver (a receiving antenna) can be interchanged without
affecting their readings, reflecting the symmetry in their scattering
matrices.4,5 Breaking this symmetry and, consequently, achieving
non-reciprocity, is of interest for designing various devices such
as one-way waveguides, isolators, and circulators, among others.
To achieve non-reciprocity, one may follow various approaches6

such as the introduction of a non-linearity7 or time modula-
tion.8,9 In the case of a magnetizable medium, the application of a
magnetic bias breaks this symmetry by introducing anisotropy in
either the magnetic permeability or dielectric permittivity.10–13

Kord et al.6 provides a review of these various fundamental
approaches that are used to break such time-reversal symmetry.

As the fundamental physics enabling the breaking of time-
reversal symmetry is unraveled, we are seeing an increased interest

in the identification of new materials and technologies for use in
developing practical devices for the manipulation or control of elec-
tromagnetic (EM) waves. Metamaterials and photonic crystals,
which fall within a class of engineered materials, have provided
great opportunities in this regard, leading to applications in com-
munications and wireless sensing, among others. Within the
bandgap of a bulk medium constructed from such engineered
materials, the propagation of EM waves is forbidden, and as a
result, the material behaves as an EM insulator. Recently, new
physics has emerged from the understanding of what happens in
classes of electromagnetically insulating materials when the sym-
metry of such bulk materials is broken at an interface. Those that
fall within the class of so-called topologically non-trivial materials
or “topological insulators”14 give rise to non-reciprocal propagation
of interfacial states that are immune to scattering from surface
irregularities.15–28 Non-reciprocal interfacial states that exhibit such
robust immunity to scattering are said to be “topologically pro-
tected.” These states reside within and span across the bulk bands
defining the gap. The topological classification of these bulk bands
is achieved by computing the Berry phase, which, when integrated
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across momentum (k) space determines the so-called band Chern
number, Cn, an integer value describing the winding of the field
polarization across momentum space.16,29 The topology of the gap
is classified by the “gap Chern number,” Ci,j which is the sum of all
band Chern numbers with n � i, i.e., below the gap.29 When topo-
logically non-trivial insulators (characterized by a non-zero gap
Chern number) share an interface with a medium having an over-
lapping bandgap but of a differing gap Chern number), non-
reciprocal and scattering-immune edge states may emerge.19 The
difference between the gap Chern numbers of the two mediums
define the number of interfacial or “edge” states in accordance with
the bulk-edge correspondence principle.30 As an example, a
medium with a gap Chern number of 1, in contact with a metal,
which has a gap Chern number of zero, will support one such
scattering-immune interfacial states. In contrast, the same non-
trivial medium in contact with a dielectric such as air, which is also
trivial in its topology, does not support true topologically protected
edge states because it is not electromagnetically insulating even
though in some cases supported waves can be strongly
unidirectional.31

This topological classification provides a convenient way of
identifying possible material pairs that may support these
scattering-immune non-reciprocal modes in gapped insulators
when band Chern numbers can be easily computed. However, it
should be noted that one-way surface waves have been explored
long before32,33 their topological classification, i.e., well before the
discovery of Chern invariants and the Berry phase concepts.16,34

Furthermore, many interfacial modes, such as surface plasmon
polaritons (SPPs), also referred to as magnetoplasmons, at the
interface of plasmonic materials31 and dielectrics propagate below
the plasmonic gap. In this paper, we describe a classical scattering
approach to study the possible propagation of interfacial states at
the boundary between a gyrotropic, magnetized bulk plasma and a
medium such as a dielectric (e.g., air or vacuum) or metal. We
believe that this approach can serve as an alternate tool that enables
experimentalists to evaluate the robustness of configurations and
conditions that exhibit the support of non-reciprocal interfacial
states. The approach described here identifies the topological
modes through their main electromagnetic characteristics, instead
of determining their topological indices. We extend this tool to
identify such states in more complex configurations, such as
plasma metamaterials (a collection or array of plasma elements),
where computing the Chern numbers of such effective mediums
may be more cumbersome. Our particular interest in the use of
magnetized plasmas is through the opportunities that they present
in the reconfigurability (e.g., tuning) of such systems. Examples are
provided to illustrate the broad utility of the approach, in particu-
lar, for cases and configurations that involve experimentally realiz-
able plasma-based systems comprising columnar plasma discharge
tubes. In Sec. II, we introduce our analytical formulation of the 2D
problem. In Sec. III, we show how one can investigate the presence
of interfacial states using this analytical formulation, particularly
two strongly unidirectional states in two-dimensional (2D) EM
wave propagation in the so-called Voigt configuration, where the
propagation is orthogonal to the imposed z-directed magnetic bias
with transverse-electric (TEz) polarization. In Sec. IV, we provide a
brief interpretation of the results within the context of topological

classifications. Section V summarizes our work and offers
conclusions.

II. ANALYTICAL FORMULATION

Here, we consider the 2D problem incorporating the presence
of a magnetic line source (to excite TEz waves), located at radial
and azimuthal positions (ρ ¼ ρ0, w ¼ w0), within a region sand-
wiched between a uniform gyrotropic bulk plasma modeled by a
cylinder with a radius of rp (ρ , rp), and an isotropic “cladding”
material of inner radius, rc (ρ . rc), extending to the arbitrary
large radius, as shown in Fig. 1. The region, or gap between the
plasma and the cladding, can be a dielectric such as air, or even
vacuum, with a unity dielectric constant. The plasma is biased with
a static magnetic field that points along the z-direction.

A. Fields from the magnetic line source

The magnetic field generated by the magnetic line source, Im,
positioned within the gap, Hi, can be expressed as an infinite series
summation of cylindrical wave functions,5

Hi ¼ ẑHi
z ¼ ẑH0

P1
n¼�1 Jn(k0ρ)H(2)

n (k0ρ0)e jn(w�w0); rp , ρ , ρ0P1
n¼�1 Jn(k0ρ0)H(2)

n (k0ρ)e jn(w�w0); rc . ρ . ρ0

(
:

(1a)

where k0 represents the free space wave number, H0 is the

FIG. 1. Schematic of the configuration used to investigate edge states in a 2D
problem. A magnetic line source (Im) is positioned in an un-ionized gap (white
region) between a magnetized plasma (shown in light blue) characterized by an
anisotropic relative permittivity tensor, εp, and an isotropic “cladding” of dielectric
constant (shown in yellow), εc .
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amplitude of the magnetic field

H0 ¼ � k20 Im
4ωμ0

, (1b)

Jn is the Bessel function of the first kind, and H(2)
n is the Hankel

function of the second kind. The incident electric field, Ei, can
then be written as

Ei ¼ 1
jωε0

∇�Hi ¼ Ei
ρρ̂þ Ei

wŵ, (2a)

where

Ei
ρ ¼

H0

jωε0ρ

P1
n¼�1 jnJn(k0ρ)H(2)

n (k0ρ0)e jn(w�w0); rp , ρ , ρ0P1
n¼�1 jnJn(k0ρ0)H(2)

n (k0ρ)e jn(w�w0); rc . ρ . ρ0

(
,

(2b)

Ei
w ¼ �H0

jωε0

P1
n¼�1 J 0n(k0ρ)H

(2)
n (k0ρ0)e jn(w�w0); rp , ρ , ρ0P1

n¼�1 Jn(k0ρ0)H(2)0
n (k0ρ)e jn(w�w0); rc . ρ . ρ0

(
,

(2c)

and

J 0n(k0ρ) ¼
@Jn(k0ρ)

@ρ
; k0 ¼ 2πf

ffiffiffiffiffiffiffiffiffi
ε0μ0

p
, (3a)

H(2)0
n (k0ρ) ¼ @H(2)

n (k0ρ)
@ρ

, (3b)

which can be evaluated using the relation

J 0n(αx) ¼
@Jn(αx)
@x

¼ αJn�1(αx)� n
x
Jn(αx), (3c)

H(2)0
n (αx) ¼ @H(2)

n (αx)
@x

¼ αH(2)
n�1(αx)�

n
x
H(2)

n (αx): (3d)

B. Scattered fields in the isotropic cladding

We can express the magnetic and electric fields that are scat-
tered into the cladding medium, Hc and Ec, as

Hc ¼ ẑHc
z ¼ ẑ

X1
n¼�1

anH
(2)
n (kcρ)e

jn(w�w0), (4)

Ec ¼ 1
jωε0εc

∇�Hc ¼ Ec
ρρ̂þ Ec

wŵ, (5a)

with

Ec
ρ ¼

1
jωε0εcρ

X1
n¼�1

jnanH
(2)
n (kcρ)e

jn(w�w0), (5b)

Ec
w ¼ �1

jωε0εc

X1
n¼�1

anH
(2)0
n (kcρ)e

jn(w�w0): (5c)

C. Scattered fields in the gap

The scattered fields inside the gap (Ea and Ha) are represented
as

Ha ¼ ẑ
X1
n¼�1

BnJn(k0ρ)þ CnYn(k0ρ)½ �e jn(w�w0), (6)

Ea ¼ 1
jωε0

∇�Ha ¼ Ea
ρρ̂þ Ea

wŵ, (7a)

where

Ea
ρ ¼

1
jωε0ρ

X1
n¼�1

jn BnJn(k0ρ)þ CnYn(k0ρ)½ �e jn(w�w0), (7b)

Ea
w ¼ �1

jωε0

X1
n¼�1

BnJ
0
n(k0ρ)þ CnY

0
n(k0ρ)

� �
e jn(w�w0): (7c)

D. Penetrated fields in the bulk magnetized plasma

Finally, the fields inside the magnetized plasma (Ep and Hp)
with a relative permittivity tensor, ϵp, given by

ϵp ¼
εt jεg 0

�jεg εt 0
0 0 εz

2
4

3
5 (8)

can be expressed as

Hp ¼ ẑHp
z ¼ ẑ

X1
n¼�1

dnJn(kpρ)e
jn(w�w0), (9)

Ep ¼ 1
jωε0

ϵ
�1
p � ∇�Hpð Þ ¼ Ep

ρρ̂þ Ep
wŵ, (10a)

where

Ep
ρ ¼

1
jωε0ρ

1
εp

X1
n¼�1

jndnJn(kpρ)e
jn(w�w0)

" #

þ 1
jωε0

j
ε0p

X1
n¼�1

dnJ
0
n(kpρ)e

jn(w�w0)

" #
,

Ep
w ¼ 1

jωε0ρ
j
ε0p

X1
n¼�1

jndnJn(kpρ)e
jn(w�w0)

" #
(10b)

� 1
jωε0

1
εp

X1
n¼�1

dnJ
0
n(kpρ)e

jn(w�w0)

" #
: (10c)
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The elements of ϵp are

εt ¼ 1� ω2
p(ω� jνc)

ω[(ω� jνc)
2 � ω2

b]
, (11a)

εg ¼ � ω2
pωb

ω[(ω� jνc)
2 � ω2

b]
, (11b)

εz ¼ 1� ω2
p

ω(ω� jνc)
: (11c)

Here, ωp ¼ 2πfp, ωb ¼ 2πfb, and ω ¼ 2πf are the plasma,
cyclotron, and field frequencies in rad/s, respectively, and the wave
damping due to electron scattering with the background plasma
gas is denoted by νc in Hz. The inverse of the relative permittivity
tensor can be expressed as

ϵ
�1
p ¼

εt
ε2t�ε2g

�jεg
ε2t�ε2g

0

jεg
ε2t�ε2g

εt
ε2t�ε2g

0

0 0 1
εz

2
6664

3
7775 ¼

1
εp

�j
ε0p

0

j
ε0p

1
εp

0

0 0 1
εz

2
664

3
775: (12)

Accordingly, the permittivity seen by the penetrated fields for
the gyrotropic cylinder will be

εp ¼
ε2t � ε2g

εt
! kp ¼ k0

ffiffiffiffiffi
εp

p
: (13)

Also, we define

ε0p ¼
ε2t � ε2g

εg
: (14)

To solve for all unknown expansion coefficients an, Bn, Cn,
and dn, one applies the corresponding boundary conditions that
enforce the continuity of tangential electric and magnetic fields at
ρ ¼ rp and ρ ¼ rc. The details are given in the Appendix.

III. POSSIBLE INTERFACIAL STATES

In this section, we apply the above electromagnetic formalism
to search for possible robust, unidirectional interfacial states. As
described below, we introduce a merit function and survey condi-
tions for the magnetic field and wave frequency in a given bulk
plasma configuration to identify regimes over which such states
may be excited.

A. Merit function

For a bulk, non-magnetized plasma, the excitation of a mag-
netic line source at an azimuthal location within the un-ionized
gap, w0 ¼ 180�, leads to a symmetric propagation of power, i.e., the
power has no preferred direction of propagation on either side of
the x–y plane. Such a behavior is expected regardless of the plasma
collisionality, νc. However, by applying a magnetic field along the

axis of the plasma column (i.e., z-axis), this symmetry can be
broken. In this regard, to achieve unidirectional interfacial modes
using the magnetic line excitation, the fields need to be directed
through either Path I or Path II as shown in Fig. 2.

In general, one can use various strategies with a range of
mathematical objective functions to determine the conditions
required to identify plasma density and magnetic field conditions
that lead to strongly confined unidirectional surface modes within
this un-ionized gap. Here, we present a simple and realizable crite-
rion to find such modes. Without loss of generality, we assume that
the magnetic line source is located at rp , ρ0 , rc and w0 ¼ 180�.

We seek to find values of f =fp and fb=fp such that the magni-
tude of the wave magnetic field (H-field) along Path II is signifi-
cantly greater than that of the field along Path I (or, vice versa). We
note, however, that in the case of no collisionality, for this geome-
try, the magnitude of the magnetic field will be independent of the
azimuthal location and conditions will appear symmetric as we
examine only the quasi-steady state behavior. Some level of colli-
sional damping (i.e., a finite value of νc ), therefore, facilitates the
identification of unidirectional propagation.

For any particular excitation frequency, we define a merit
function, F, as

F(f , fb, fp) ¼ SII

SI þ Sa þ S p
, (15)

wherein

SI ¼
ðπ
0

ðrpþΔr

rp�Δr

jHz(ρ, w)j2 ρ dρ dw, (16a)

SII ¼
ð2π
π

ðrpþΔr

rp�Δr

jHz(ρ, w)j2 ρ dρ dw, (16b)

FIG. 2. Possible paths for topological surface waves.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 133, 104902 (2023); doi: 10.1063/5.0124165 133, 104902-4

Published under an exclusive license by AIP Publishing

D
ow

nloaded from
 http://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/5.0124165/16776654/104902_1_online.pdf

https://aip.scitation.org/journal/jap


Sa ¼
ð2π
0

ðrc
rpþΔr

jHa
z (ρ, w)þHi

z(ρ, w)j2 ρ dρ dw, (16c)

Sp ¼
ð2π
0

ðrp�Δr

0
jHp

z (ρ, w)j2 ρ dρ dw: (16d)

This merit function describes the ratio of the power focused at
the edge of the magnetized plasma cylinder on Path II (SII) to the
sum of the power that penetrates into the magnetized plasma cylin-
der (Sp), the power in the air gap (Sa), and the focused power on
Path I (SI). One can also normalize it to its respective maximum
and present it in decibels (dB) as follows:

Fnorm
dB ¼ 10 log10

F
Fmax

� �
: (17)

If there exists a possible interfacial wave for specific values of
f , fb, and fp, the merit function should attain a strong maximum at
those values. In determining optimum conditions we survey the
landscape of relative field frequency, f =fp, and relative cyclotron fre-
quency, fb=fp, for a particular geometry, collisionality, and cladding
material property. To facilitate the survey we sweep the magnetic
field from negative to positive values, which delineates the direction
of propagation of the identified modes. We consider the plasma
radius to be rp ¼ 60 mm. We assume an achievable plasma fre-
quency of fp ¼ 6:3 GHz and a nominal value of
νc � 0:16fp ¼ 1 GHz, unless otherwise stated, in our analysis. This
geometry and these conditions are realizable in the laboratory with
low pressure gas discharge devices, in this case, particularly magne-
tized plasmas generated in helicon discharge sources.35

B. Air cladding: Unidirectional, non-topological surface
waves

Here, we first consider a topologically trivial cladding such as
air (or its electromagnetic equivalent, vacuum, or any un-ionized
gas, with a unity scalar dielectric constant), representing the case
of a uniform magnetized plasma-vacuum (or plasma-un-ionized
gas) boundary. We consider two different source locations:
(a) ρ0 ¼ 65 mm and (b) ρ0 ¼ 61 mm. Equivalently, the distance
between the source and the magnetized plasma rod is 5 and 1mm,
for cases (a) and (b), respectively. The respective merit functions
are shown in Fig. 3. The region of strong activity (red shaded
region) below the plasma frequency in Fig. 3(a), which is also
present in Fig. 3(b), refers to the unidirectional magnetized SPP or
Voigt-configured magnetoplasmon waves. These surface waves are
immune to backscattering,36 but, as mentioned earlier, they are
non-topological in their classification.37 In the absence of a mag-
netic field, these disturbances are slow waves, propagating at less
than the speed of EM waves in the adjacent dielectric and bidirec-
tional in their dispersion, with a resonance at fr ¼ f p=

ffiffiffi
2

p
(when

air or vacuum is the clad material). The presence of an external
magnetic bias breaks the directional symmetry, introducing a unidi-
rectional gap that spans between frequencies of f+r ¼ fr + fb=2.
Apparent in Fig. 3 for both locations of the source is that for this
magnetoplasmon disturbance, the strength of the coupling to the

surface wave is greater at the top of the unidirectional band, closer
to the upper resonance, as seen in recent simulations carried out by
Pakniyat et al.37

The wave magnetic field magnitude’s distribution around the
plasma cylinder for this low frequency mode for the specific case of
f =fp ¼ 0:78 and fb=fp ¼ 0:24 is shown in Fig. 4 for two values of
the collision frequency, νc ¼ 0:01 GHz and νc ¼ 1 GHz, and for
ρ0 ¼ 65 mm and ρ0 ¼ 61 mm. We see that for the lower collisional-
ity case, the electromagnetic disturbance propagates without signifi-
cant damping around the plasma cylinder, whereas for higher
collisionality, the wave is attenuated by the time it propagates a dis-
tance of about a quarter of its circumference. When the magnetic
line source is placed closer to the plasma, we see that the coupling

FIG. 3. The merit function normalized to its maximum in dB, FnormdB , vs fb=fp
and f=fp, for εc ¼ 1 (such as an un-ionized gas as the cladding medium) and
νc ¼ 1 GHz: (a) ρ0 ¼ 65 mm and (b) ρ0 ¼ 61 mm.
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to the surface wave is more efficient. To confirm the findings of
this analytical model, we have performed simulations using CST
Microwave Studio (MWS), with the magnetic line source generated
by a small loop antenna and periodic boundary conditions along
the z-axis. The resulting root-mean-square (RMS) of the magnetic
field is shown in Fig. 5 for the ρ0 ¼ 65 mm case. The CST results
are seen to be in good agreement with those of the analytical
model.

In addition to the locus of intense activity seen in Fig. 3 below
the plasma frequency, there is also another strongly active region
above the plasma frequency, particularly when ρ0 ¼ 61 mm, i.e.,
when the source is almost located at the air-plasma boundary. For
these plasma conditions, this activity lies in a frequency range
bounded by the lower and upper extraordinary mode (or,
X-mode)38 for propagation along a direction perpendicular to the
magnetic field in the bulk plasma. Relevant to the topological clas-
sification, this interfacial disturbance lies within the bandgap for
the propagation of such X-modes, which have the wave magnetic
field parallel to imposed external magnetic bias. The plasma condi-
tions also place us in an overdense regime, with f p . fb, and in a
region where the magnetized plasma is classified as a Weyl semi-
metal.39 In this regime, there is a single degenerate (Weyl) point

located where the electrostatic and left circularly polarized mode
dispersion surfaces cross, triggering a topological phase transition.28

The significance of the resulting non-trivial topological phase is
discussed later in Sec. IV.

The resulting normalized power for this higher frequency
mode with f =fp ¼ 1:29 and fb=fp ¼ 0:8 is shown in Fig. 6 for
values of the collision frequency, νc ¼ 0:01 GHz and νc ¼ 1 GHz,
and for ρ0 ¼ 65 mm and ρ0 ¼ 61 mm. As noted above, the value of
the merit function for ρ0 ¼ 61 mm is much larger than that of
ρ0 ¼ 65 mm, since the source’s distance to the magnetized plasma
is d � 0:03λ ¼ 1 mm vs d � 0:14λ ¼ 5 mm for ρ0 ¼ 65 mm case.
However, an examination of the normalized power, despite the
strength of the merit functions for these high frequency modes,
indicates that these waves are not surface waves. These waves
appear to be radiating into the un-ionized surrounding. In the
section below, we consider the addition of a metal cladding to
prevent these surface waves from coupling into radiative modes.
From a topological perspective, the addition of the metal cladding
introduces a material that shares a common bandgap with the bulk
magnetized plasma. Below, we examine the impact of this metal
cladding on this higher frequency mode, as well as the lower fre-
quency disturbances.

C. Cladding with negative permittivity medium as a
mirror

Here, we consider the addition of a metal cladding (for
ρ . rc) with negative permittivity, i.e., ε ¼ �10 and its impact on
both the low and high frequency disturbances. Again, we examine
two cases: (a) ρ0 ¼ 65 mm and rc ¼ 70, and, (b) ρ0 ¼ 61 mm and
rc ¼ 62 mm. The respective merit functions are shown in Fig. 7.
The resulting surface waves are discussed below.

FIG. 4. Calculated magnitude of the normalized magnetic field at
f ¼ 0:78fp ¼ 4:914 GHz, for fb ¼ 0:24fp ¼ 1:512 GHz, εc ¼ 1 with
ρ0 ¼ 65 mm, and ρ0 ¼ 61 mm.

FIG. 5. Simulated magnetic field (RMS value) using CST MWS at
f ¼ 0:78fp ¼ 4:914 GHz, for fb ¼ 0:24fp ¼ 1:512 GHz, εc ¼ 1 (air), and
various collision frequencies, for ρ0 ¼ 65 mm.
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1. Non-topological surface waves

Figure 7 reveals that for the low frequency disturbance, we see
a behavior similar to that of Fig. 3(a), with the persistence of a low
frequency mode in the vicinity of f þr ¼ fr þ f p=2. The normalized
power for the case of f =fp ¼ 0:78 and fb=fp ¼ 0:24 is shown in
Fig. 8 for both magnetic line source locations. When ρ0 ¼ 65 mm,
the distance between the magnetic line source and magnetized
plasma is d ¼ 5 mm � 0:14λ, and the gap between the magnetized
plasma rod and the metal cladding (with ε ¼ �10) is g ¼ 10 mm
� 0:28λ, enabling the unidirectional magnetoplasmon waves to be
excited at the plasma-vacuum boundary. Despite the strongly con-
fined propagation, again, these low frequency interfacial modes are
not topologically protected. When the magnetic line source posi-
tion relative to the plasma and gap thickness is significantly
reduced (d ¼ 1mm � 0:03λ and g ¼ 2mm � 0:06λ, respectively),
we see that no surface waves are excited. In this case, the magnetic
line source is sandwiched between two mirrors (εc , 0 and
<(εt) , 0), and accordingly, the fields will be trapped within a
small region near the source.

Again, for this low frequency mode, we have also performed
simulations using CST for the propagating case shown in Fig. 8.
The resulting root-mean-square (RMS) of the magnetic field is

shown in Fig. 9 for the case of ρ0 ¼ 65 mm and rc ¼ 70 mm. The
CST results are seen to be in good agreement with the analytical
analysis and confirm the existence of such a wave that is highly
confined to the plasma-un-ionized gas interface. In both cases (i.e.,
the analytical scattering model and CST simulations), low collision-
ality conditions show that the interfacial wave propagates all the
way around, returning to its initial location with very little dissipa-
tion. As expected, in the case where the collisional damping is com-
parable to the field frequency, we see that the disturbance makes it
barely halfway around the cylindrical plasma.

As mentioned previously, although the unidirectional magne-
toplasmons are strictly not topologically protected, they do appear
to be immune to back-scattering from defects such as surface

FIG. 6. Calculated magnitude of the normalized magnetic field at
f ¼ 1:29fp ¼ 8:127 GHz, for fb ¼ 0:8fp ¼ 5:04 GHz, εc ¼ 1 with ρ0 ¼ 65 mm
and ρ0 ¼ 61 mm.

FIG. 7. The merit function normalized to its maximum in dB, FnormdB , vs fb=fp
and f=fp for εc ¼ �10 and νc ¼ 1 GHz: (a) ρ0 ¼ 65 mm and rc ¼ 70 mm and
(b) ρ0 ¼ 61 mm and rc ¼ 62 mm.
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protrusions containing sharp corners. To illustrate this, we have
performed a simulation (assuming low plasma collisionality) with a
defined sharp rectangular protrusion in the cladding, parameterized
with dimensions Dx ¼ 40 mm and Dy ¼ 26:57 mm, as shown in
the left schematic in Fig. 10. The thickness of the air gap is 10 mm.
A snapshot in time of the magnitude of the resulting magnetic field
is also shown in Fig. 10. We see that the highly confined surface
waves propagate around the protrusion, confirming the existence of
a robust surface wave.

2. Topological surface waves

We now turn our attention to the second, high frequency
active region seen in the merit function for the case of ρ0 ¼ 61 mm
and rc ¼ 62 mm. It is noteworthy that this mode appears to be
inactive in the ρ0 ¼ 65 mm and rc ¼ 70 mm case, based on the
merit function in Fig. 7. The normalized power for f =fp ¼ 1:29 and
fb=fp ¼ 0:8 is shown in Fig. 11. Despite the difference in merit
functions, these two cases have seemingly similar field distribu-
tions. The reason for this is that the merit function is required to
be maximum at the edge of the plasma-air boundary. A close
inspection of the fields reveals that for the case of a larger distance

and gap, the fields are mostly concentrated near the metallic clad-
ding and not the edge of the plasma.

We have performed CST simulations of these conditions as a
further confirmation of these findings. The resulting RMS of the
magnetic field is shown in Fig. 12 for the case of ρ0 ¼ 61mm and
rc ¼ 62mm. The CST results are in good agreement with the ana-
lytical model results further confirming the existence of a wave that
is highly confined to the plasma-mirror interface. The low collision-
ality case shows that the interfacial wave propagates all the way
around the plasma rod, returning to its initial location with very
little dissipation. We can also see that the disturbance makes it

FIG. 8. Calculated magnitude of the normalized magnetic field at
f ¼ 0:78fp ¼ 4:914 GHz, for fb=fp ¼ 0:24, εc ¼ �10, and various collision
frequencies.

FIG. 9. Simulated magnetic field (RMS value) using CST MWS at
f ¼ 0:78fp ¼ 4:914 GHz, for fb=fp ¼ 0:24, εc ¼ �10, and various collision fre-
quencies, for the case of ρ0 ¼ 65 mm and rc ¼ 70 mm.

FIG. 10. A snapshot of the magnetic field distribution at
f ¼ 0:78fp ¼ 4:914 GHz, for fb=fp ¼ 0:24 in the case of the presence of a
square defect in the bulk magnetized plasma, with Dx ¼ 40 mm and
Dy ¼ 26:57 mm.
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barely halfway around the cylindrical plasma for higher collisional
damping. As discussed in Sec. IV, this configuration and magnetized
plasma/metal cladding interface condition constitute a topologically
protected state that results in its robust, unidirectional, interface per-
sistence. A topological classification requires an assessment of the
gap Chern number of the bulk magnetized plasma. As there is only
one identified interfacial mode over this frequency range, this gap
Chern number is expected to have a unity value, as the topologically
trivial mirror presents a gap Chern number of zero.

For this strongly unidirectional mode, we again have per-
formed a simulation with a defined rectangular protrusion in the
cladding, but with dimensions Dx ¼ 20 mm and Dy ¼ 29:16 mm.
The thickness of the air gap around the protrusion is set at 2 mm.
A snapshot in time of the magnitude of the resulting magnetic field
is shown in Fig. 13. It is apparent that the highly confined surface
waves propagate around the defect, consistent with the existence of
a robust, topological surface wave.

3. Interfacial states at boundaries of effective magne-
tized bulk plasmas

In the above section, we describe the identification of condi-
tions for non-topological and topological states at the interface of a

bulk magnetized plasma boundary. In practice, such states may be
difficult to excite and probe, particularly so if the plasma is con-
fined by a sealed dielectric envelope to support vacuum conditions.
Furthermore, such plasmas are not necessarily uniform in their
properties, and in some cases, topological interfacial waves are seen
to propagate with fields concentrated within the plasma gradient
regions40 spanning across two different topological plasma
phases.28 While it is challenging in practice to generate a true,
uniform bulk magnetized plasma, one can assemble an effective
bulk magnetized plasma with a collection of sub-wavelength
plasma elements. Such an assembly can present an “effective” bulk
medium, i.e., behaves as a magnetized plasma metamaterial. In this
regard, we propose to construct such a uniform effective bulk mag-
netized plasma using a densely packed array of magnetized plasma
discharge tubes. Here, in a particular example, we assemble an
effective bulk magnetized plasma cylinder using 37 smaller
uniform plasma columns. These columns are taken to be 15 mm in
diameter, and are assumed to have similar plasma diameters and
properties (electron number density and collision frequency) to
those which we have used previously to construct plasma-based
metamaterials and photonic crystals.41–46 The merit function for
identifying the edge states in this effective bulk medium configura-
tion is shown in Fig. 14, where the surrounding cladding medium
is considered to be a perfect electric conductor (PEC).

For the case of the lower frequency non-topological magneto-
plasmon waves, the RMS of the simulated wave magnetic field for
such an effective bulk plasma cylinder is shown in Fig. 15. To
obtain the performance of the aforementioned magnetized bulk
plasma at the same frequency of operation as the uniform bulk
plasma examples, f ¼ 4:914 GHz, the cylindrical element plasma
and cyclotron frequencies have been increased to f effp ¼ 7 GHz and
f effb ¼ 1:97 GHz, respectively. We see that there is an interfacial
state propagating between the plasma cylinders and the PEC for

FIG. 11. Calculated magnitude of the normalized magnetic field at
f ¼ 1:29fp ¼ 8:127 GHz, for fb ¼ 0:8fp ¼ 5:04 GHz, εc ¼ �10 with
ρ0 ¼ 65 mm and ρ0 ¼ 61, for νc ¼ 0:01 GHz and νc ¼ 1 GHz.

FIG. 12. Simulated magnetic field (RMS value) using CST MWS at
f ¼ 1:29fp ¼ 8:127 GHz, for fb ¼ 0:8fp ¼ 5:04, εc ¼ �10, and various colli-
sion frequencies, for the case of ρ0 ¼ 61 mm and rc ¼ 62 mm.
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conditions of relatively low collisionality. In yet another example,
to illustrate the utility of this EM-based approach, we apply this to
a chain of these metamaterial cylinders constructed from these
effective bulk (and now moderately collisional) magnetized
plasmas cylinders. The assemblies are coupled through openings in
the PEC cladding with the source located at the 9-o’clock position
on the far-left cylinder. The simulated magnetic wave fields for
such a chain is shown in Fig. 16. The fields rotate in a counter-
clockwise fashion, and mimic a chain of rotating carousels, with
wave propagation predominantly coupling on the lower half of
adjacent metamaterial cylinders.

For the case of the higher frequency topological surface wave
seen in Fig. 14, the RMS of the simulated wave magnetic field is

shown in Fig. 17. For this simulation, we have again taken the clad-
ding to be a PEC and individual plasma cylinder densities are such
that f =f effp ¼ 1:29 and f effb =f effp ¼ 0:8. We see that there is a persis-
tent interfacial state propagating between the effective bulk plasma
and the PEC for a low collisionality condition. Again, we apply this
to a chain of these moderately collisional metamaterial magnetized
plasma cylinders similar to that of the low frequency case discussed
above. The simulated magnetic wave fields for such a chain is
shown in Fig. 18. The fields rotate in a clockwise fashion, and the
resulting fields again mimic a chain of rotating carousels, with wave
propagation coupling predominantly on the upper half of adjacent
metamaterial cylinders.

FIG. 13. A snapshot of the magnetic field distribution at
f ¼ 1:29fp ¼ 8:127 GHz, for fb=fp ¼ 0:8 in the case of the presence of a
square defect in the bulk magnetized plasma, with Dx ¼ 20 mm and
Dy ¼ 29:16 mm.

FIG. 14. The merit function normalized to its maximum in dB, FnormdB , vs fb=fp
and f=fp, for εc ¼ �j1 (PEC as the surrounding medium) and νc ¼ 1 GHz.

FIG. 15. Simulated magnetic field (RMS value) of the proposed realization of
the magnetized plasma using CST MWS at f = 0.7f effp ¼ 4:914 GHz, for
f effb =f effp ¼ 0:28 and νc ¼ 0:01 GHz.

FIG. 16. The RMS of the magnetic field simulated using CST MWS for a chain
of carousels at f = 0.7f effp ¼ 4:914 GHz, for f effb =f effp ¼ 0:28 and νc ¼ 0:5 GHz.
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IV. TOPOLOGICAL ORIGIN AND CLASSIFICATION

In the sections above, we have shown that the proposed ana-
lytical analysis enables us to find possible interfacial surface waves
associated with gaseous plasmonic systems, topological or not in
their designation. Interfacial states associated with magnetized plas-
monic systems have received significant attention,31,47–49 particu-
larly those that are traceable to topological properties of the bulk
plasma.28,30,50–52 As mentioned earlier, the topological classification
of bulk bands are associated with the band Chern number, which
can be computed by integrating the Berry curvature over the bulk
band dispersion in reciprocal wavelength (wavenumber) space.29,53

However, unlike a periodic medium, a continuous medium such as
a gaseous plasma described by a local Drude model does not have a

compacted Brillouin zone as wavenumbers extend to infinite
values. As a result, this may give rise to non-integer band Chern
numbers. Several recent papers describe methods of addressing this
by restricting the range of wavevector integration,12,28,29,40 some-
times with rather ad hoc limits. It is noteworthy here, however, that
when used in our analytical EM model, the local Drude model
does indeed yield the robust unidirectional topological states,
without requiring any further assumptions. Clearly, the theoretical
determination of band Chern numbers for magnetized gaseous
plasmas still requires further study. In this regard, a rigorous theo-
retical treatment for computing Chern numbers in continuous
media was recently proposed by Qin and Fu.54

Band Chern numbers change only when the system undergoes
a topological phase transformation. Neglecting ion motion, a cold,
magnetized plasma has four active dispersion surfaces38 which, for
wave propagation purely transverse to the imposed magnetic field
(kk ¼ 0), reduce to the lower and upper X-mode, the O-mode, and
a zero-frequency (ω ¼ 0) mode. Figure 19(a) plots the two
X-modes for plasma parameters corresponding to Fig. 11. The four
bands when kk = 0 evolve into the upper and lower Right Circular
Polarized (RCP) modes, the LCP mode, and the Langmuir (electro-
static) mode as the propagation vector rotates (kk . 0) to eventu-
ally become parallel to the external magnetic field, with k? = 0 [see
the four bands plotted in Fig. 19(b) for conditions of Fig. 11]. For
our overdense conditions, we see from Fig. 19(b) that there is a
single (inner) Weyl point degeneracy where the Langmuir and LCP
mode cross, giving rise to a source of Berry curvature (or a
momentum space monopole).24 The Weyl point crossing occurs at
a component wavenumber kk ¼ kþ, where

kþ ¼ ω p=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω p=ωb

p : (18)

As shown by Fu and Qin,28 Weyl degeneracies in a cold magnetized
plasma delineate three distinctly different topological magnetized
plasma phases that span across the dispersion space characterized
by their corresponding sets of band Chern numbers. Disturbances
with kk = 0, as is the case here, belong to a topological phase with
band Chern numbers (C1, C2, C3, C4) = (�1, 2, 0, �1) for the zero-
frequency, lower X-mode, O-mode, and upper X-mode, respec-
tively.28 We have confirmed these Chern numbers using the
method outlined by Hanson et al.29 with a spatial cut-off
(kmax ¼ 10ωb=c) of the plasma frequency.12,55 The X-mode gap
Chern number is, therefore, C2,4 ¼ 1. An interface consisting of
this magnetized plasma with a trivial gapped medium such as a
metal predicts the existence of a single topological edge state, as we
have identified using our analytical EM model. This edge state is
also shown in Fig. 19(a), computed using the dispersion relation
for magnetoplasmon waves in the Voigt configuration, as developed
by Davoyan and Engheta.56

With plasma properties constant, a rotation of the direction of
propagation by increasing kk will sample a second topological
phase with Chern numbers (�1, 1, 1, �1),28 when the propagation
angle relative to the imposed magnetic field is such that kk 	 kþ. A
third topological phase transition may occur in underdense

FIG. 17. Simulated magnetic field (RMS value) of the proposed realization of
the magnetized plasma using CST MWS at f ¼ 1:29f effp ¼ 8:127 GHz, for
f effb ¼ 0:8f effp ¼ 5:04 GHz and νc ¼ 0:01 GHz.

FIG. 18. The RMS of the magnetic field simulated using CST MWS for a chain
of carousels at f ¼ 1:29f effp ¼ 8:127 GHz, for f effb ¼ 0:8f effp ¼ 5:04 and
νc ¼ 0:5 GHz.
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plasmas due to the emergence of a second (upper) Weyl point28 at

k� ¼ ω p=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ω p=ωb

p : (19)

It is noteworthy that we do not access these two other topological
phases in our current studies because of our 2D geometry as it
requires a component of the propagation along the direction of the
bias. A future study seeks to extend the analytical model to three
dimensions (3D) to be able to further examine this rich topological

space and enable designs of plasma metamaterials that may afford
experimental validations. With a 3D model, other scenarios include
more complex systems such as interfaces between plasmas of differ-
ent plasma densities, which have been explored recently by Parker
et al.40 and Fu and Qin.28 Rather exotic Fermi-arc like edge states
have been described connecting the corresponding Weyl degenera-
cies of the two adjacent plasma mediums. While single non-
uniform bulk cylindrical plasma can present such an interface with
the magnetic field aligned with the cylinder axis, a 3D analytical
model will facilitate identifying conditions that may enable the con-
struction of such effective bulk plasma interfaces using plasma
arrays to excite these exotic topological edge states.

V. SUMMARY

In this paper, we have presented an approach to identify the
existence of topological as well as non-topological waves confined
to the boundary between a magnetized plasma and a topologically
trivial medium, such as air or a gapped metal. The approach is
based on the analytical solution of electromagnetic field scattering,
originating from an excited magnetic line source located at the
interface of a gyrotropic, magnetized plasma, and an un-ionized
gas. A merit function is introduced for quantification of the power
concentrated along a desired path at the boundary. The analytical
formalism allows us to rapidly survey the design space to identify
conditions in which robust interfacial states, topological and non-
topological, may be supported. We show that the dispersion of the
topological state identified is consistent with its classification based
on computed Chern numbers using Barry phase concepts and the
ensuing topological phases are connected to the Weyl degeneracy
present under the examined plasma conditions. Examples are pro-
vided where we have applied this EM approach to both bulk and
effective bulk magnetized plasma structures and have confirmed
that magnetized plasma metamaterials can be constructed from
experimentally realizable plasma discharge tubes. We believe that
such an approach, stemming from an applied engineering perspec-
tive, may facilitate the design of practical devices incorporating
magnetized plasma structures.
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APPENDIX

Here, we present the mathematical formulation to determine
the unknown coefficients of the electromagnetic scattering
problem, i.e., an, Bn, Cn, and dn. In doing so, we apply the four
boundary conditions as follows:

Hp
z jρ¼rp

¼ [Ha
z þHi

z]jρ¼rp
, (A1)

Ep
wjρ¼rp

¼ [Ea
w þ Ei

w]jρ¼rp

, (A2)

Hc
z jρ¼rc

¼ [Ha
z þHi

z]jρ¼rc
, (A3)

Ec
wjρ¼rc

¼ [Ea
w þ Ei

w]jρ¼rc

: (A4)

For each value of n, there exists the matrix equation

0 Jn(k0rp) Yn(k0rp) �Jn(kprp)

0 J 0n(k0rp) Y 0
n(k0rp) X

H(2)
n (kcrc) �Jn(k0rc) �Yn(k0rc) 0

H(2)0
n (kcrc)=εc �J 0n(k0rc) �Y 0

n(k0rc) 0

2
6664

3
7775

�

an
Bn

Cn

dn

2
6664

3
7775 ¼

�H0Jn(k0rp)H(2)
n (k0ρ0)

�H0J 0n(k0rp)H
(2)
n (k0ρ0)

H0Jn(k0ρ0)H(2)
n (k0rc)

H0Jn(k0ρ0)H(2)0
n (k0rc)

2
6664

3
7775, (A5)

wherein

X ¼ � n
rpε0p

Jn(kprp)� 1
εp

J 0n(kprp) (A6)

and the derivatives can be calculated as5

Z0
n(αx) ¼

@Zn(αx)
@x

¼ αZn�1(αx)� n
x
Zn(αx), (A7)

wherein Zn can be a Bessel function (Jn or Yn) or a Hankel function
(H(2)

n ).5
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